On the formation of continued fractions'* 

Leonhard Euler''" 



1. A universal principle for unfolding continued fractions is found in the 
infinite series of quantities A,B,C, etc., of which each third succeeds from the 
preceding two by a certain law, either constant or variable inasmuch as they 
depend in turn upon each other, so that it will be 

fA = gB + hC, f'B = g'C + h'D, f'C = g"D + h"E, f"'D = g"'E + h'" F, etc. 
From here indeed are deduced the following equalities: 
fA hC f'h 



=5 



B " B f'B : C 

f'B , h'D , ^ f'h' 
=9 + -TT = 9 



C C " f'C : D 

f'C „ , h"E „ , f"'h" 



II . II 
=9 + —FT = 9 



D " D " f"'D : E 

f"'D ,„ , h"'F ,„ , f""h;" 



E S f""E : F 

etc. etc. 

But if now the latter values are substituted successively in place of the prior 
ones, the following continued fraction spontaneously emerges: 

fA , fh 



B ^ ' „' + riJfL 



cj"' + - 



whose value therefore is determined by the two first terms A & i? of the series 
alone. 
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2. Therefore whenever such a progression of quantities A, B, C, D, E, etc. is 
had, of which such a law is disposed, that each of the terms depends in turn on 
the succeeding two by a certain law, then from this a continued fraction may 
be deduced, whose value is able to be assigned. Therefore if such a particular 
formula were disposed, such that the expansion of it should lead to such a 
series of quantities A, B, C, D, E, etc. of which each term is determined by the 
preceding two, from this continued fractions will be able to be derived, in what 
way it will be able to be revealed most conveniently by several examples. 



I. The expansion of the formula 
s = x'^{a — j3x — ^xx) 

3. In this formula the exponent n is considered an indefinite, successively 
receiving all the values 1,2, 3, 4, 5, 6, etc., from which, providing it will be n > 0, 
this formula vanishes by putting x = Q, and then indeed it also vanishes by 
taking 

_ _^±vW + 4a7) 
27 

With this having been noted, this formula will be differentiated so that it will 
become 

ds = nax^'-'^dx - (n + l)/3 j x"dx - (n + 2)7 j x^'+'^dx + s, 

from which by integrating the parts, this integration may then be indicated as 

such 

_ _^±vW + 4a7) 

27 

Then, if after this integration, having been completed such that the integral 
should vanish by putting x = 0, it should be set 



na 



j x^'-^dx = (n + j x"dx +{n + 2)7 j x"+^dx, 



of course in which case it would be s = 0, it will be 



na 



j x'^-^dx = (n + l)/3 j x'^dx + {n + 2)7 j x'^+^dx, 



which is a relation of this type between three integral formulas following each 
other, which we desire for the formation of a continued fraction, seeing that these 
integral formulas, if in place of n is written successively the number 1,2,3, 4, 5, 6, 
etc., the quantities A, B, C, D, etc. are given to us. 
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4. Wc write therefore in place of n the consecutive numbers 1,2,3,4, etc., 
so that these relations may be produced: 

a J dx = 2(} J xdx + 3'y J xxdx 

2a j xdx = '6(3 j xxdx + A'y J x^dx 

3a j xxdx = 4:13 j x^dx + 37[sic] j x^dx 

4a J x^dx = 5/3 y x'^dx + ^1 j ^'^dx 
etc. etc. 

Then we will therefore have 

/3±V(/3/3 + 4a7) 



/ 



A = / dx = x 



27 



B= [xdx=lxx=U^^^^l^^l±^Y, 
J 2 2\ 27 / ' 

C = f xxdx = -x^, D = [ x^dx = -a;* 
J 3 ' y 4 

etc. etc. 

Thereupon indeed, for the letters f,g, h will be had these values; 

/ = a, /' = 2a, /" = 3a, /"' = 4a etc. 
g = 2/3, g' - 3/3, g" = 4/3, g'" = 5/3 etc. 
h = 37, h' = 47, h" = 57, h'" = 67 etc., 

from which values the following continued fraction results: 
^=2/3+ 



B ^ 3/3+ ''v.. 
whose value therefore is 

4n - 



-/3 + + 4a7) 



/3 + V(/3/3 + 4a7). 



5. So that this continued fraction should be rendered more elegant, in place 
of a7 we write and it will proceed 

p + ^(/3/3 + 26) = 2/3 + — . 



5/3 + 



6/3+ etc. 
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Since moreover the head of this expression is seen to have been truncated, with 
this head having been added we may put 



2/3+ ^ 



3/3+ ,j I ";io^ 

*P+5/3+ etc. 



and it will be 

which expression is reduced to this: 

6. This continued fraction is in fact able to be reduced to even greater 
simplicity, if in place of 5 we write 2e, so that it would be 

\P + + 4s) = /? + — 



2' 2"^'' ' ' 2/3 + 



3/3+ 



4/3+ 



5/3+20[sicJ etc. 



And if now the first fraction is depressed by 2, the second by 3, the third by 4, 
the fourth by 5, etc., the following form will be produced: 

^/3+^y(/?/? + 4e) = /3 + 



0+ 



S+ etc. 



which is of the greatest simplicity, and if its sum is considered an unknown, and 
it is denoted as equal to z, it will be in turn be 2; = /3+ |, and thus zz = Pz + e, 
from which it would he z = ^+vl^^±f£i^ which is the same. 

7. Indeed this most simple sum is able to be immediately deduced from the 
formula taken initially 

s = a;"(a — r]x — 'yxx), 

and since we have put this equal to nothing, it will certainly he a = (3x + 'yxx, 
and in the very same way 

ax = f3xx + "fx^ , axx = [3x^ + 7a;'*, etc., 

thus so that for the series A,B,C,D, etc. we may have this simple series of 
powers: 1, a;, a;"^, a;'^, x^, etc., then indeed each of the letters /, g, h, etc. becomes 
a, /3, 7, etc., from which arises this continued fraction: 

^=/3+ 



X /3 + 



07 



•^^13+ etc. 

where it is ^ = l^+ViW+^o^i) ^ Therefore the value of this fraction is 5/? + 
+ 407), such as before, since 0:7 = e. 
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II. The expansion of the formula 

s = x^{a — x) 

8. This formula will therefore vanish by setting x = a. Moreover it is 
ds = nax"'~^dx — (n + l)x"'dx, which expression is comprised by two terms; 
it may be reduced to a fraction, whose denominator is a + fix, so that it will 
become 

naax"~^dx + {(ina — a{n + l))x^dx — (}{n + l)a;"+^da; 
a + px 

Therefore by integrating each of the members, it will be 



s = naa 



J a + px J a + px J a 



which if after each are integrated we set a; = a, so that it may become s = 0, 
we will have this reduction: 

/x^~^dx f x^dx f 
— = ((n + l)a - n(3a) / — -— + (n + 1)13 / — ). 

9. In place of n we shall now successively substitute the numbers 1, 2, 3, 4, 
etc., and then by comparison with the general formula that has been established 
we will have 

dx „ f xdx ^ f xxdx 



a + I3x J a + fix J a + (3x 

where indeed after integration it ought to be made x = a. Thereafter truly we 
will have 

/ = aa, /' = 2aa, f" = 3aa, /"' = 4aa, etc. 
g = 2a- Pa, g' = 3a- 2/3a, g" = Aa- 3/3a, etc. 

h = 2/3, h' = 3/3, h" = 4/3, h'" = 5/3, etc. 

and thus from this arises the following continued fraction: 

aaA . ^ , AaaB 
= (2a - /3o) + 



B ' ^ (3Q-2/3a)+ .^ ,f °"^ia... - 

(4«-3/3a)+ (5„-4|3a)+ etc. 



10. By integrating, it may moreover be established 



/ 



dx 1 j^a + /3x 



a + (3x /3 a 
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seeing that the integral ought to vanish by making it a; = 0. Now therefore it 
may he x = a, and it will hence be ^ = In turn 

xdx 1 / a a + l3x 



I / a a + l3x\ 



a + I3x 13 \ 13 
and by it being made x = a it shall become 

a a a + f3a 

wherefore the value of our continued fraction will be 



" rv 



moreover it is evident for nothing of universality to perish, even if it is set a = 1; 
then in fact it will be 



etc. 



11. Moreover, the whole of this expression manifestly depends singularly on 

the ratio of the numbers a and /?; from this, we may take a = 1 and (3 = n, and 
then this continued fraction will be seen; 



n-l{l + n) ' ' (3-2n) + 



(4-3«)+ 



for which if we set this series after the law 1 + n and set the sum equal to s, so 
that it will be 



(2 - n) + (3_2„)+ 



in 



(4-3n) + 

it will be 



'■ etc. 



^ n{n — l{l + n)) _^ n — Z(l + n) n 
*~ ^ n/(l + n) ~ ^ l{l + n) ~Z(l + n)' 

12. We shall run through several examples, and the first shall be n = 1, 
where it will be 

1 - 1 
/2-^+l + ^^ • 



1+ 11 -16 

1+ 1+ etc. 



On the other hand by putting n = 2 it will be 

4 = 1 + 



/3 



^ 32 

-4+ etc. 
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which expression however, on account of the negative quantities, is not very 
pleasant; insofar as it will turn out that whenever n > 1, it will be more worth 
the work to unfold these cases, than when n is taken as less than unity. 

13. Therefore it is able to be made easily; it may be reverted to an expression 
containing the letters a and (3, and then by supplying the head because it is 
missing, this form will be produced: 

/3 aP 



(2a-/3) + — — f^^^^, • 

(4a-3/3)+ etc. 

We now put a = n — m and /3 = 2m, ^ so that we may obtain the following form: 

2m 2m(n — m) 

-n-m + 



j n+m ' „ A , Sm(n—m) 

from which the following special cases are deduced. 
If m = 1 and n = 3 it will be 

2 „ 4 
= 2 + 



2+- 



which fraction divided by 2 and reduced is rendered as such: 

4 = 1+ ' 



4 



which here is arrived at like before. 

Were it m = 1 and n = 4 it will be 
2 

TT=3 + 



5 A J 24 



^+5 



V+ etc. 



6-1 

:3 + 



4 + 



6-4 



5+- 



Were it m = 1 and n = 5, it will be 

'=4 + 



;3 ^ c J 32 

'2 P + 8+ 



^Translator: Original reads "n = n — m". 
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or 



-T =2+ 

^1 3 + 



^ 6+ etc. 

2-1 

= 2+ 31 2.4 - 



^+6+ etc. 

III. The expansion of the formula 

s = x^{l — x^) 

14. This formula therefore vanishes in the cases x = Q and x = 1. Then 
indeed, it shall be 

ds = nx'^-^dx -(n + 2)a;"+Mx, 
which differential uplifted with the denominator a + j3xx would be 

nax'^-^dx + {nj3 - (n + 2)a)x'^+^dx - (n + 2)/3a;"+3dx 

ds = ^ ^ j-j- ^ '- ; 

a + pxx 

here, by now integrating this in turn it will be 

And if now after these integrations it is set a; = 1, this reduced integral will be 
produced: 

na [ ^ = iin + 2)a - nff) f ^ + (n + 2)/3 ^ ^""^^^ 



a + (3xx J 01 + (3xx J a + j3xx 

15. Because these powers of x are augmented two by two, for the exponent 
n we shall assign successively the values 1, 3, 5, 7, 9, etc., and it shall be set: 

dx f xxdx ^, f x'^dx 

etc. 



A=[^^, B= I , C=! 

J a + pxx J a + pxx J 

Then indeed from these, the letters /, g, h will be derived: 



a + (3xx 



f = a,f' = 3a, /" = 5a, /"' = 7a, etc. 

g = 3a — (3, g = 5a — 3/3, g" ^ 7a. — 5/3, etc. 
h = 3/3, h' = 5/3, h" = 7P, h'" = 9P, etc., 

from which is born the following continued fraction: 
^ = 3a-/3' 



B " 5a-3/3+ 
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16. Because it is S = f it will he B = ^ f dx- ^ [sic] f -^S—, and 

thus B = ^ — ^A, by whose value being substituted in we will have 



adA ^ 9aB 

3a - /3 ■ ■ 



which, because it is missing its head, wc will set in front a + P + aj3; then 
moreover the sum will be /? + ;j , so that we will thus have 

=a + l3+- 



A 3a-P- 



5a-3/3+ ,„_yj/ 



with it arising that A = J ^^^^^ , with this integral being taken so that it 
vanishes by putting a; = 0, and indeed also by making it x = 1. 

17. First we shall expand the simplest case, in which a = 1 and /? = 1, 
where it will be A = J , for which we will have 

1 + 1=2+ ' 



7^ ^+ ^T=V 



that is it will be 



2+^ 



2+ etc. 

which is the same continued fraction produced first before by Brouncker, the 

investigation of which, which was elicited by Wallis through greatly tedious 
calculations, here proceeds immediately from our formula by itself. 

18. Our general form as well provides infinite other similar expressions, 
precisely as the letters a and (3 are taken in varied ways. And firstly indeed, 
if a and f3 were positive numbers, the value of the letter A is always able to 
be expressed by circular arcs, and conversely indeed by logarithms. Were it 
therefore /? = 1, it will be 

, f dx 1 . X 1 , 1 

A= — ■ = — Atang. — = — Atang. — , 

J a + XX sja s/a ^/a ^/a 

from which is born this continued fraction: 
1 + — ^=a + l + 



Atang. ^ 3a-l+ ^„_3^!^ 



etc. 



Here therefore it should be taken a = 3, and because Atang. = f we will 
have 

1 + ^=4+^ ' 



27 

75 



^"^+ 20+ etc. 
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or 

1 + ^=4+ 



J 3-9 



^'^+ 20+ etc. 

19. Now B shall be a particular positive number, and indeed it is 

dx 1 f dx 



I 



a + Pxx P J ^ + XX 



which having been integrated will he A = Atang. y^^. Then therefore we 
will have 

P + TTT = a + P 



Atang. V£ 3a-/3+ ,^Jg^^,^; 

We shall now therefore set a + P = 2n and a — = 2m, so that it shall be 
a = m + n and (3 = n — m, with whose values having been put in it will be 

J inn — mm) „ nn — mm 

n-m+ ^ — ^ = 2n + 



Atang. 2n + Am+^_ 



nn—mm 



2n+8m+ etc. 



20. We may consider as well the case, in which /3 is a negative number, and 
by putting /3 = —7 it will be 



/dx 1 [ dx , ^ 
= —/ PC > 
a - ^xx sj J ^-xx 



7 

whose integral is 



2>7 Vf-^' 
with it having been made therefore a; = 1 it will be 

2-v/a7 -v/a - -v/7' 

from which is born this continued fraction: 

2^0:7 a7 
-7 + -TTTTTTr = a - 7 



V^-Vt 5a+37- .,„^s7- etc. 

and thus we have made in this way new continued fractions, of which the values 
may moreover be exhibited by logarithms, and which are altogether different 
from that which we came upon before. 

21. This case presents itself being more worthy of notice than the others, 
when 7 = a. Or, because it turns out the same, a = 1 and 7 = 1; because then 
it is I v'-y ~ ~ ^® have 

-1 = 0- 1 ^ \. ' 

4 — 57; 
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or by changing the sign 

1 = 



4 



8- 

whence the first denominator 



25 



12- etc. 

ought to be equal to 1. Therefore it will be 

= 3-- ' 



25 ' 



" 12- etc. 

or 



25 ' 



12- etc. 

where the denominator ought to be equal to 3, from which it shall be 

^ r- 25 

= 5- 



12- etc' 

whose denominator ought to be equal to 5, from which it shall be 

49 



= 7- 



16- 



81 ' 



20- etc. 

from which the true order is easily perceived. 

22. We take a = 4 and 7=1, and this fraction will be born 

4 4-1 
+ =3 



^3 13 — — ^ fas 



23- 



But if on the other hand we let a = 9 and 7 = 1 it will be 

6 9-1 

-1 + 



^2 28 — -jz ^ t'^B 



48- 



IV. The expansion of the formula 

s = x"e"^(l — x) 

22. [sic] This e denotes the number whose hyperbolic logarithm is unity, thus 
so that d.e"^ = adxe°"^. Then it will therefore be 

ds = nx'^-^dxe""' + {a-{n+ l))x"'dxe°"' - ax"'+^dxe°"' , 
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from which in turn by integrating it will be 

s = nj x"-^da;e"^ + (a - (n + 1)) J x"da;e«^ -aj a;"+Ma;e"^. 
But if now after integration it is put a; = 1, it will be 

n j ar"-^rfa;e"^ = {n+l-a) j a;"rfa;e"^ + a j x''+'^ dxe""" . 

23. But if now in place of n we successively write the numbers 1, 2, 3, 4, and 
so on, we may make 



A j e^^dx = ^(e" - 1) and B = J xdxe"'' = 



aa aa 

/ = 1, /' = 2, /" = 3, /"' = 4, etc. 

g = 2 — a, g' = 3 — a, g" = 4: — a, etc. 

h = a, h' = a, h" = a, h'" = a, etc. 



and this continued fraction will be produced: 

A ^ 2a 
— =2-a + 



5 — a+ etc. 

We now adjoin at the head 1 — a + a, whose value will be 

e" — 1 — 1 

from which is obtained this quite elegant continued fraction: 

a ^ a 
= l-a + 



e« - 1 2 - a + 



2a ' 



from which it is apparent that if it were a = 0, because e" — 1 — a, for it to be 
certainly 1 = 1. 

24. We may consider several particular cases; and first, if it were a = 1, it 
will be 

' 0+ ' 



e- 1 1 + 



2 ' 



2+: 



- ' 4+ etc. 

which continued fraction is easily transformed into this: 

1 1 



1 + V 

1+ — ^ 



12 



from which it is 

1 

e-l = l + ^ . 

1 + ^ 

Moreover, this in turn having been resolved by partial fractions gives 



3-1 i_ 



from which follows 



e- 2 2 + 



which forms because of their great simplicity are noteworthy. From the second 
last, it may be 

^=2+ 1, \ ; 



^ 4+ etc. 

by taking successively 1, 2, 3, and so on for the members, the following approx- 
imations arise: 

e = 2,0000 
e = 3, 0000 
e = 2, 6666 
e = 2, 7272 
e = 2,7169 

which values, alternately greater and smaller, converge to the truth readily 
enough. 

25. We may take a = 2 and it will be 

2 ^ 2 
--1 + :^ 4 • 



ee - 1 + 



1+7 



a+ etc 

From this fraction in turn is deduced this; 

2(ee - 1) „ 4 
^ = + 



ee+1 1 + 



2J » 

3+ etc. 

and in a similar way, if larger numbers are taken for a, a reduction will be able 
to be made. 

26. As well, negative numbers are able to be taken for a. In this way, if it 
were a = — 1, it will become 

^ 2 ' 



e- 1 



2 ' 



4 

6- etc. 
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which is reduced to this form: 

e 



e-1 -3+^ ^ 



and in a similar way larger values are able to be dealt with. 
27. Now too we set a = ^, and this expression will be found: 



1 _1 , -2 



2(Ve-l) 2 1 + 



^1 



which reduced by partial fractions comes out as 

' 1 



-1 + Ve 3 + 



'"^9+ etc. 

In a similar way if we take a = |, it will be 

1 1:3 
2:3 + 



3(^-1) ■ 5:3 + 



2:3 



11-^+ 14:3+ etc. 

which reduced by partial fractions gives 

1 3 

2 + 



-1+^ 5 + 



8+ ^T^ 

11+ 14+ etc. 



And if it is put a = | , this continued fraction will be produced: 

2 . o 2:3 

1:3 + 



3(^ee-l) ■ 4:3+^ 

l°-3+ 13:3+ etc. 



4:3 
W3- 



which reduced by partial fractions will be 

' =1 + 



^ee-1) 4 + 



12 

r, I 18 



28. With those fairly simple principles disclosed, in a similar way it will 
be permitted to treat other more general ones, which will be led to continued 
fractions much more abstrusely, such that this will be accessible from the cases 
which follow. 
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V. The expansion of the formula 

s = x^{a — bx^ — cx'^^Y 

29. Here therefore it will be 

ds = {a-bx" - cx^'')^-^inax"-^dx - b{n + XO)x"'+^-'^dx-c{n + 2X0)x''+'^'^-^dx, 

from which by its parts being integrated, then indeed by putting a—bx^ — cx^^ = 
0, (insofar as if it were it will be x^ = _^±v^i^±l££)^ ^j^jg reduction will be had 
in general: 

na J x"-'^dx{a - bx^ - cx^^)^-^ 
= {n + X0)b J x"+^-Mx(a - - cx^^)^'^ 
+{n + 2Xe)c j x^'+^^-^dxia - bx^ - cx^^Y 



„29\X-1 



30. But if wc want to compare this form with our general one related earlier, 
we must discover the values for the letter n which are to be successively assumed 
for different 0. Then it is not necessary that the first value for n, as we have 
so far made it, be taken as equal to 1; wc shall set therefore the first value of 
it as equal to a, and we shall search for the values of the two following integral 
formulas, namely: 

A = j x^-^dxia - - cx^*)^-^ and 
B = J x^+'-'dxia - bx' - cx^')^-\ 

which integrals are taken such that they vanish by putting x = 0, which having 
been made the former value of x ought to be taken, which returns the formula 
a — bx^ — co?^ = 0. Since however it is not permitted for this to be carried out 
in general, we shall be content to indicate these values by the letters A and B, 
which therefore consider as known. 

31. Thereafter indeed the letters f,g,h, with this having been derived will 
take on the following values: 

/ = aa, /' = (a + e)a, f" = {a + 2e)a, /"' = {a + 39)a, etc. 
g={a + Xe)b, g' = {a + e + X9)b, g" = {a + 26 + Xe)b, etc. 
h={a + 2Xe)c, h' = {a + e + 2X0)c, h" = (a + 26* + 2Xe)c, etc. 

From this therefore will be formed the following continued fraction: 

, {a + e){(\ + XO)nc 

= [a + X6)b + 



{a+20+X0)b-\ (^a+3e+\e)h etc. 
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which form is certainly most general, of which however we will not exclude 
another derivation. 



VI. The expansion of the formula 

s = - x^)^ 

32. Here therefore it would be 

ds = nx"-^dx(l - x^)^ - A6'x"+^-idx(l - x^)^-\ 

from which will emerge two integral formulas; wherefore, for this, we may take 
an arbitrary denominator a + bx^ of this differential, so that we may have: 

(I _ ^.eu-i 

ds = a + bx^ (nax"-Mx-(a(n + A6')-bn)a;"+^-^da:-6(n + A6>)x"+^^-^dx). 
Now therefore, by putting after integration a; = 1, we deduce this reduction: 

'dx{l-x^)^-^ . . , , /• - 



na 



J a + bx^ = ('^(^ + - I a^bxT- 



a + bx^ 



33. Here again it is clear what values should arise for n by differentiating by 
9. Moreover, first the value of it should be set n = a, and 



, x"-Ma;(l - a;^)^-i , „ f x^'+^-^dxtl - x^)^-^ 
A = / . „ and B - ' ^ ' 



a + bx^ J a + bx^ ' 

where namely after integration it shall be set a; = 1. With this having been 
determined, it may then be made 

/ = aa, f = {a + 9)a, f" = {a + 29)a, /"' = (a + 39)a, etc. 

g= {a + \9)a - ab, g' ^ {a + 9 + \9)a - [a + 9)b, 
g" = {a + 29 + X9)a - (a + 29)b, etc. 
h = {a + X9)b, h' = {a + 9 + X9)b, h" ^{a + 9 + 2X9)b, etc. [sic] 

from which will be formed the following continued fraction: 

aaA , , (a + 9){a -\- X9)ab 

= {a+X9)a—ab+- 



Q ^ ' I A_ a j_ \a\ _ /" _i_ a\h j {a+2e){a+e+\e)ab 

(^a + f + Af ja \a + tl)0 + (a+29+\9)a-(a+2e)b+{a+d.e){a+2e+\e)ab 



etc. 



the copious expansion of which form we refrain from. 
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VII. The expansion of the formula 

s = a;''(e"^(l - x)^) 

34. Here therefore it would be 

ds = (1 - x)^^^{nx"'~^dx — (n + A - a)x"dx — ax^dx); 

then consequently if after integration it is set everywhere x = 1, of course in 
which case it would be s = 1, we will have this reduction: 

n J x'^-'dxe'^^'il-x)^-^ = {n+X-a) J x"dxe"^(l-a;)^-i+a J x''+^dxe''''{l-x) 

35. In this formula therefore, for the exponent n all the values ascending 
from unity ought to be taken, where indeed for the minimum value of this we 

shall take n = S, and then the values of the letters A and B will be able to be 
elicited from this formula, by it being put x = I after integration, 

A = j x^-'^dxe°"'{l-x)^-\ B = j x^dxe"''{l-x)^-\ 

then indeed from these values: 

f = S,f' = 6+l,f' = 5 + 2, f" = 5 + 3, etc. 

g = S + X-a, g' = S+ l + X-a, g" = 5 + 2 + \-a, etc. 

h = a, h' = a, h" = a, etc. 

such a continued fraction follows: 



A-1 



B s+l + X-a+ ^^+^)",,^3). 

Here it should be noted in particular that the exponents A and 6 should from 
necessity be taken as no greater than nothing, since otherwise the principal 
formula a;"e"^(l — a;)^ will not vanish in those cases when x = 1. 

36. If a value equal to 1 were taken for the letters 5 and A, the case treated 
above will come forth; and if integral numbers are assigned to these letters, in 
the same way continued fractions will arise, which by certain operations will 
be permitted to bo reduced to the prior ones. Tridy if cither for cither one or 
both of these letters 6 and lambda fractions are assigned, then forms shall arise 
which are irreducible to the prior ones, of which the value would be able to be 
expressed in no other way than altogether transcendental quantities. For if it 
were S = ^ and A = |, the value of the letter A will be bound to be obtained 
from this integral formula: A = [sic] , the integration of which leads to 

altogether transcendental quantities, thus so that the value of such continued 
fractions comes forth as most abstruse. 
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